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The interplay between the superconducting gap and normal-state pseudogap in the bilayer cuprate
superconductors is studied based on the kinetic energy driven superconducting mechanism. It
is shown that the charge carrier interaction directly from the interlayer coherent hopping in the
kinetic energy by exchanging spin excitations does not provide the contribution to the normal-state
pseudogap in the particle-hole channel and superconducting gap in the particle-particle channel,
while only the charge carrier interaction directly from the intralayer hopping in the kinetic energy
by exchanging spin excitations induces the normal-state pseudogap in the particle-hole channel and
superconducting gap in the particle-particle channel, and then the two-gap behavior is a universal
feature for the single layer and bilayer cuprate superconductors.
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The conventional superconductors are characterized
by the energy gap, which exists in the excitation spec-
trum below the superconducting (SC) transition temper-
ature Tc, and therefore is corresponding to the energy for
breaking a Cooper pair of the charge carriers and creating
two quasiparticles1. However, in the cuprate supercon-
ductors, an energy gap called the normal-state pseudo-
gap exists2,3 above Tc but below the pseudogap crossover
temperature T ∗, which is associated with some anoma-
lous properties. Although the charge carrier pair gap in
the cuprate superconductors has a domelike shape of the
doping dependence4,5, the magnitude of the normal-state
pseudogap is much larger than that of the charge carrier
pair gap in the underdoped regime2,3, then it smoothly
decreases upon increasing doping, and seems to merge
with the charge carrier pair gap in the overdoped regime,
eventually disappearing together with superconductivity
at the end of the SC dome2. In this case, the charge car-
rier pair gap and normal-state pseudogap are thus two
fundamental parameters of the cuprate superconductors
whose variation as a function of doping and temperature
provides important information crucial to understanding
the details of superconductivity2,3.
Experimentally, a large body of experimental data
obtained by using different measurement techniques
have provided rather detailed information on the low-
energy excitations of the single layer and bilayer cuprate
superconductors2–5, where the Bogoliubov-quasiparticle
nature of the low-energy excitations is unambiguously
established6. However, there are numerous anomalies for
the bilayer cuprate superconductors4,5, which complicate
the physical properties of the low-energy excitations in
the bilayer cuprate superconductors. This follows a fact
that the bilayer splitting (BS) has been observed in the
bilayer cuprate superconductors in a wide doping range7,
which derives the low-energy excitation spectrum into the
bonding and antibonding components due to the presence
of the bilayer blocks in the unit cell. In particular, it has
been argued that this BS may play an important role in
the form of the well pronounced peak-dip-hump struc-
ture in the low-energy excitation spectrum of the bilayer
cuprate superconductors8–10. In this case, an important
issue is whether the behavior of the normal-state pseu-
dogap observed in the low-energy excitation spectrum
as a suppression of the spectral weight is universal or
not. Within the framework of the kinetic energy driven
SC mechanism11, the interplay between the SC gap and
normal-state pseudogap in the single layer cuprate super-
conductors has been studied recently12, where the inter-
action between charge carriers and spins directly from the
kinetic energy by exchanging spin excitations induces the
normal-state pseudogap state in the particle-hole channel
and SC-state in the particle-particle channel, then there
is a coexistence of the SC gap and normal-state pseudo-
gap in the whole SC dome. In particular, this normal-
state pseudogap is closely related to the quasiparticle
coherent weight, and both the normal-state pseudogap
and SC gap are dominated by one energy scale. In this
paper, we study the interplay between the SC gap and
normal-state pseudogap in the bilayer cuprate supercon-
ductors along with this line. We show explicitly that the
weak charge carrier interaction directly from the inter-
layer coherent hopping in the kinetic energy by exchang-
ing spin excitations does not provide the contribution to
the normal-state pseudogap in the particle-hole channel
and SC gap in the particle-particle channel, while only
the strong charge carrier interaction directly from the in-
tralayer hopping in the kinetic energy by exchanging spin
excitations induces the normal-state pseudogap in the
particle-hole channel and SC gap in the particle-particle
channel, and then the two-gap behavior is a universal
feature for the single layer and bilayer cuprate supercon-
ductors.
The single common feature in the layered crystal struc-
ture of the cuprate superconductors is the presence of
the two-dimensional CuO2 plane
4, and then it is be-
lieved that the unconventional physics properties of the
cuprate superconductors is closely related to the doped
2CuO2 planes
13. In this case, it is commonly accepted
that the essential physics of the doped CuO2 plane
13 is
captured by the t-J model on a square lattice. However,
for discussions of the interplay between the SC gap and
normal-state pseudogap in the bilayer cuprate supercon-
ductors, the t-J model can be extended by including the
bilayer interaction as8,
H = −t
∑
iηˆaσ
C†iaσCi+ηˆaσ + t
′
∑
iτˆaσ
C†iaσCi+τˆ aσ
−
∑
iσ
t⊥(i)(C
†
i1σCi2σ +H.c.) + µ
∑
iaσ
C†iaσCiaσ
+J
∑
iηˆa
Sia · Si+ηˆa + J⊥
∑
i
Si1 · Si2, (1)
supplemented by the local constraint
∑
σ C
†
iaσCiaσ ≤ 1 to
remove double occupancy, where a = 1, 2 is plane index,
the summation within the plane is over all sites i, and for
each i, over its nearest-neighbors ηˆ or the next nearest-
neighbors τˆ , C†iaσ and Ciaσ are electron operators that
respectively create and annihilate electrons with spin σ,
Si = (S
x
i , S
y
i , S
z
i ) are spin operators, µ is the chemical
potential, while the interlayer hopping has the form in
the momentum space,
t⊥(k) =
t⊥
4
(cos kx − cos ky)
2, (2)
which describes coherent hopping between the CuO2
planes. This functional form of the interlayer hopping
(2) is predicted on the basis of the local density ap-
proximation calculations14, and later the experimental
observed BS agrees well with it7. In this bilayer t-
J model (1), the crucial requirement is to impose the
electron single occupancy local constraint, which can
be treated properly in analytical calculations within the
charge-spin separation (CSS) fermion-spin theory15,16,
where the constrained electron operators are decoupled
as Cia↑ = h
†
ia↑S
−
ia and Cia↓ = h
†
ia↓S
+
ia, with the spinful
fermion operator hiaσ = e
−iΦiaσhia that represents the
charge degree of freedom together with some effects of
the spin configuration rearrangements due to the pres-
ence of the doped hole itself (charge carrier), while the
spin operator Sia describes the spin degree of freedom,
then the electron single occupancy local constraint is sat-
isfied in analytical calculations. In this CSS fermion-spin
representation, the bilayer t-J model (1) can be expressed
as,
H = t
∑
iηˆa
(h†i+ηˆa↑hia↑S
+
iaS
−
i+ηˆa + h
†
i+ηˆa↓hia↓S
−
iaS
+
i+ηˆa)
−t′
∑
iτˆa
(h†i+τˆa↑hia↑S
+
iaS
−
i+τˆa + h
†
i+τˆa↓hia↓S
−
iaS
+
i+τˆa)
+
∑
i
t⊥(i)(h
†
i2↑hi1↑S
+
i1S
−
i2 + h
†
i1↑hi2↑S
+
i2S
−
i1
+h†i2↓hi1↓S
−
i1S
+
i2 + h
†
i1↓hi2↓S
−
i2S
+
i1)− µ
∑
iaσ
h†iaσhiaσ
+Jeff
∑
iηˆa
Sia · Si+ηˆa + Jeff⊥
∑
i
Si1 · Si2, (3)
where Jeff = J(1 − δ)
2, Jeff⊥ = J⊥(1 − δ)
2, and δ =
〈h†iaσhiaσ〉 = 〈h
†
iahia〉 is the doping concentration.
For the bilayer cuprate superconductors, there are two
coupled CuO2 planes in one unit cell. In this case, the
SC order parameter for the electron Cooper pair is a
matrix8 ∆ = ∆L+σx∆T, with ∆L and ∆T are the corre-
sponding longitudinal and transverse parts, respectively.
In the doped regime without an antiferromagnetic long-
range order (AFLRO), the charge carriers move in the
background of the disordered spin liquid state, and then
the longitudinal and transverse SC order parameters can
be expressed in the CSS fermion-spin representation as,
∆L = −χ1∆hL and ∆T = −χ⊥∆hT, with
∆hL = 〈hi+ηˆa↓hia↑ − hi+ηˆa↑hia↓〉, (4a)
∆hT = 〈hi2↓hi1↑ − hi2↑hi1↓〉, (4b)
are the corresponding longitudinal and transverse parts
of the charge carrier pair gap parameter, respec-
tively, and the spin correlation functions 〈S+iaS
−
i+ηˆa〉 =
〈S−iaS
+
i+ηˆa〉 = χ1 and 〈S
+
i1S
−
i2〉 = 〈S
−
i1S
+
i2〉 = χ⊥. The re-
sult in Eq. (4) shows that as in the single layer case11, the
SC gap parameter in the bilayer cuprate superconductors
is also closely related to the corresponding charge carrier
pair gap parameter, and therefore the essential physics
in the SC-state is dominated by the corresponding one
in the charge carrier pairing state.
Within the framework of the kinetic energy driven
SC mechanism11, the electronic structure of the bilayer
cuprate superconductors has been discussed8,16, and the
result shows that the low-energy excitation spectrum is
split into the bonding and antibonding components due
to the presence of BS, then the observed peak-dip-hump
structure is mainly caused by BS, with the peak being re-
lated to the antibonding component, and the hump being
formed by the bonding component. Following our pre-
vious discussions8,16, the self-consistent equations that
satisfied by the full charge carrier normal and anomalous
Green’s functions are obtained as,
g(k, ω) = g(0)(k, ω) + g(0)(k, ω)[Σ
(h)
1 (k, ω)g(k, ω)
−Σ
(h)
2 (−k,−ω)ℑ
†(k, ω)], (5a)
ℑ†(k, ω) = g(0)(−k,−ω)[Σ
(h)
1 (−k,−ω)ℑ
†(−k,−ω)
+Σ
(h)
2 (−k,−ω)g(k, ω)], (5b)
respectively, where the full charge carrier normal Green’s
function g(k, ω) = gL(k, ω) + σxgT(k, ω), the full
charge carrier anomalous Green’s function ℑ†(k, ω) =
ℑ†L(k, ω) + σxℑ
†
T(k, ω), the charge carrier self-energies
Σ
(h)
1 (k, ω) = Σ
(h)
1L (k, ω) + σxΣ
(h)
1T (k, ω) and Σ
(h)
2 (k, ω) =
Σ
(h)
2L (k, ω)+σxΣ
(h)
2T (k, ω) in the particle-hole and particle-
particle channels, respectively, while the mean-field (MF)
charge carrier normal Green’s function g(0)(k, ω) =
g
(0)
L (k, ω) + σxg
(0)
T (k, ω), with the corresponding longi-
tudinal and transverse parts have been obtained as8,16,
3g
(0)
L (k, ω) =
1
2
∑
α=1,2
1
ω − ξαk
, (6a)
g
(0)
T (k, ω) =
1
2
∑
α=1,2
(−1)α+1
1
ω − ξαk
, (6b)
respectively, where α = 1, 2, the MF charge carrier spec-
trum ξαk = Ztχ1γk − Zt
′χ2γ
′
k − µ + (−1)
α+1χ⊥t⊥(k),
the spin correlation function χ2 = 〈S
+
iaS
−
i+τˆa〉, γk =
(1/Z)
∑
ηˆ e
ik·ηˆ, γ′k = (1/Z)
∑
τˆ e
ik·τˆ , and Z is the num-
ber of the nearest neighbor or next nearest neighbor sites.
However, in the bilayer coupling case, the more appropri-
ate classification is in terms of the normal and anomalous
Green’s functions within the basis of the bonding and an-
tibonding components, i.e., the full charge carrier normal
and anomalous Green’s functions can be rewritten in the
bonding-antibonding representation as,
gν(k, ω) = gL(k, ω) + (−1)
ν+1gT(k, ω), (7a)
ℑ†ν(k, ω) = ℑ
†
L(k, ω) + (−1)
ν+1ℑ†T(k, ω), (7b)
respectively, where ν = 1, 2, with ν = 1 (ν = 2) rep-
resents the corresponding bonding (antibonding) com-
ponent, then the bonding and antibonding components
of the self-energies Σ
(h)
1 (k, ω) and Σ
(h)
2 (k, ω) can be ob-
tained from the spin bubble as8,16,
Σ
(h)
1ν (k, iωn) = Σ
(h)
1L (k, iωn) + (−1)
ν+1Σ
(h)
1T (k, iωn)
=
1
8N2
∑
pq
∑
ν1ν2ν3
Λνν1ν2ν3p+q+k
1
β
∑
ipm
×gν1(p+ k, ipm + iωn)Πν2ν3(p,q, ipm), (8a)
Σ
(h)
2ν (k, iωn) = Σ
(h)
2L (k, iωn) + (−1)
ν+1Σ
(h)
2T (k, iωn)
=
1
8N2
∑
pq
∑
ν1ν2ν3
Λνν1ν2ν3p+q+k
1
β
∑
ipm
×ℑ†ν1(−p− k,−ipm − iωn)Πν2ν3(p,q, ipm),(8b)
respectively, with Λνν1ν2ν3k = [1 +
(−1)ν+ν1+ν2+ν3 ][Z(tγk − t
′γ′k) + (−1)
ν+ν3t⊥(k)]
2,
and the spin bubble,
Πν2ν3(p,q, ipm) =
1
β
∑
iqm
D(0)ν2 (q, iqm)
×D(0)ν3 (q+ p, iqm + ipm), (9)
where the MF spin Green’s functions D
(0)
ν (p, ipm) =
Bνp/[(ipm)
2 − ω2νp], with the MF spin excitation spec-
trum ωνp and function Bνp have been given in Ref.
8,16.
As in the single layer case11, the pairing force and
charge carrier pair gap are incorporated into the self-
energy Σ
(h)
2ν (k, ω), then it is called as the effective
charge carrier pair gap ∆¯
(ν)
h (k, ω) = Σ
(h)
2ν (k, ω). On
the other hand, the self-energy Σ
(h)
1ν (k, ω) renormal-
izes the MF charge carrier spectrum8,16. Moreover,
Σ
(h)
2ν (k, ω) is an even function of ω, while Σ
(h)
1ν (k, ω)
G
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FIG. 1: The bonding (solid line) and antibonding (dashed
line) components of the effective charge carrier pair gap pa-
rameter as a function of doping for temperature T = 0.002J
with parameters t/J = 2.5, t′/t = 0.3, t⊥/t = 0.35 and
J = 110 meV.
is not. For a convenience, Σ
(h)
1ν (k, ω) can be bro-
ken up into its symmetric and antisymmetric parts
as, Σ
(h)
1ν (k, ω) = Σ
(h)
1νe(k, ω) + ωΣ
(h)
1νo(k, ω), then both
Σ
(h)
1νe(k, ω) and Σ
(h)
1νo(k, ω) are an even function of ω.
As in the conventional superconductors17, the retarded
function ReΣ
(h)
1νe(k, ω) may be a constant, independent of
(k, ω). It just renormalizes the chemical potential, and
therefore can be neglected. Now we define the charge car-
rier coherent weight as Z
(ν)−1
hF (k, ω) = 1−ReΣ
(h)
1νo(k, ω),
and then in the static limit approximation, i.e., Z
(ν)−1
hF =
1−ReΣ
(h)
1νo(k, ω = 0) |k=[pi,0], and ∆¯
(ν)
h (k) = Σ
(h)
2ν (k, ω =
0) = Σ
(h)
2L (k, ω = 0)+(−1)
ν+1Σ
(h)
2T (k, ω = 0) = ∆¯hL(k)+
(−1)ν+1∆¯hT(k), with ∆¯hL(k) = ∆¯hLγ
(d)
k
, ∆¯hT(k) =
∆¯hT, and γ
(d)
k = (coskx − cosky)/2, we
8,16 can obtain
the full charge carrier normal and anomalous Green’s
functions of the bilayer cuprate superconductors. In this
case, with the help of these full charge carrier normal and
anomalous Green’s functions, the self-energy Σ
(h)
1ν (k, ω)
and effective charge carrier pair gap ∆¯
(ν)
h (k) in Eq. (8)
can be evaluated explicitly as,
Σ
(h)
1ν (k, ω) =
1
N2
∑
pq
∑
ν1ν2ν3
∑
σ1σ2σ3
Λνν1ν2ν3p+q+k
Bν2qBν3q+p
64ω
(σ2)
ν2q ω
(σ3)
ν3q+p
×
A
(ν1)
σ1 (p+ k)F
ν1ν2ν3
σ1σ2σ3
(p,q,k)
ω − E
(σ1)
hν1p+k
− ω
(σ2)
ν2q + ω
(σ3)
ν3q+p
, (10a)
∆¯
(ν)
h (k) =
1
N2
∑
pq
∑
ν1ν2ν3
∑
σ1σ2σ3
Λνν1ν2ν3p+q+k
Bν2qBν3q+p
64ω
(σ2)
ν2q ω
(σ3)
ν3q+p
×
∆¯
(ν1)
hZ (p+ k)
E
(σ1)
hν1p+k
F ν1ν2ν3σ1σ2σ3(p,q,k)
E
(σ1)
hν1p+k
+ ω
(σ2)
ν2q − ω
(σ3)
ν3q+p
, (10b)
where σ1, σ2, σ3 = 1, 2, F
ν1ν2ν3
σ1σ2σ3
(p,q,k) =
Z
(ν1)
hF {nF(E
(σ1)
hν1p+k
)[nB(ω
(σ2)
ν2q ) − nB(ω
(σ3)
ν3q+p)] +
4nB(ω
(σ3)
ν3q+p)[1 + nB(ω
(σ2)
ν2q )]}, A
(ν1)
σ1 (k) = 1 + ξ¯ν1k/E
(σ1)
hν1k
,
with ω
(1)
νp = ωνp, ω
(2)
νp = −ωνp, E
(1)
hνk = Ehνk,
E
(2)
hνk = −Ehνk, the renormalized charge carrier excita-
tion spectrum ξ¯νk = Z
(ν)
hF ξνk, the renormalized charge
carrier pair gap ∆¯
(ν)
hZ (k) = Z
(ν)
hF ∆¯
(ν)
h (k), the charge car-
rier quasiparticle spectrum Ehνk =
√
ξ¯2νk+ | ∆¯
(ν)
hZ (k) |
2,
and nB(ω) and nF(E) are the boson and fermion
distribution functions, respectively. In particular, the
equations Z
(ν)−1
hF = 1 − ReΣ
(h)
1νo(k, ω = 0) |k=[pi,0]
and ∆¯
(ν)
h (k) = Σ
(h)
2ν (k, ω = 0) have been solved self-
consistently in combination with other equations8,16,
then all order parameters and chemical potential have
been obtained by the self-consistent calculation. In
Fig. 1, we plot the self-consistently calculated result8 of
the effective charge carrier pair gap parameter for the
bonding ∆¯
(1)
h (solid line) and antibonding ∆¯
(2)
h (dashed
line) components versus the doping concentration in
temperature T = 0.002J with parameters t/J = 2.5,
t′/t = 0.3, t⊥/t = 0.35, and J = 110 meV. It is shown
clearly that the maximal ∆¯
(1)
h and ∆¯
(2)
h occur around
the optimal doping, and then decrease in both the
underdoped and the overdoped regimes. Moreover,
both the bonding and antibonding components of the
effective charge carrier pair gap parameter have the
same magnitude in a given doping concentration8, which
implies the transverse part of the charge carrier pair
gap ∆¯hT ≈ 0, and then ∆¯
(1)
h ≈ ∆¯
(2)
h ≈ ∆¯hL. This
result shows that although there is a single electron
interlayer coherent hopping (2) in the bilayer cuprate
superconductors, the coupling strength for the interlayer
pairs vanishes, which reflects that within the framework
of the kinetic energy driven SC mechanism, the weak
charge carrier interaction directly from the interlayer
coherent hopping (2) in the kinetic energy by exchanging
spin excitations does not provide any contribution to the
charge carrier pair gap in the particle-particle channel,
and then the transverse part of the charge carrier pair
gap ∆¯hT ≈ 0. This is different from the strong charge
carrier interaction directly from the intralayer hopping
in the kinetic energy by exchanging spin excitations,
which induces superconductivity in the particle-particle
channel11, and then the charge carrier pair gap is
dominated by the corresponding longitudinal part, i.e.,
∆¯
(1)
h ≈ ∆¯
(2)
h ≈ ∆¯hL. This result is also consistent
with the experimental results of the bilayer cuprate
superconductor Bi(Pb)2Sr2CaCu2O8+δ
7, where the
SC gap separately for the bonding and antibonding
components has been measured, and it is found that
both the antibonding and bonding components are
identical within the experimental uncertainties.
Now we discuss the interplay between the SC-gap and
normal-state pseudogap in the bilayer cuprate supercon-
ductors. As in the single layer case12, the self-energy
Σ
(h)
1 (k, ω) in Eq. (10a) in the particle-hole channel can
also be rewritten approximately as,
Σ
(h)
1 (k, ω) ≈
[2∆¯pg(k)]
2
ω +Mk
, (11)
where Mk = MLk + σxMTk is the energy spectrum of
Σ
(h)
1 (k, ω). As in the case of the effective charge carrier
pair gap, the interaction force and normal-state pseudo-
gap have been incorporated into ∆¯pg(k) = ∆¯pgL(k) +
σx∆¯pgT(k), and therefore it is called as the effective
normal-state pseudogap. In the bonding-antibonding
representation, the self-energy in Eq. (11) can be ex-
pressed as,
Σ
(h)
1ν (k, ω) ≈
[2∆¯
(ν)
pg (k)]2
ω +Mνk
, (12)
with Mνk = MLk + (−1)
ν+1MTk, and ∆¯
(ν)
pg (k) =
∆¯pgL(k) + (−1)
ν+1∆¯pgT(k). Substituting Σ
(h)
1ν (k, ω) in
Eq. (12) into Eq. (5), the full charge carrier normal and
anomalous Green’s functions can be obtained straight-
forwardly as,
gν(k, ω) =
1
ω − ξνk − Σ
(h)
1ν (k, ω)− [∆¯
(ν)
h (k)]
2/[ω + ξνk +Σ
(h)
1ν (−k,−ω)]
=
[U
(ν)
1hk]
2
ω − E
(ν)
1hk
+
[V
(ν)
1hk]
2
ω + E
(ν)
1hk
+
[U
(ν)
2hk]
2
ω − E
(ν)
2hk
+
[V
(ν)
2hk]
2
ω + E
(ν)
2hk
, (13a)
ℑ†ν(k, ω) = −
∆¯
(ν)
h (k)
[ω − ξνk − Σ
(h)
1ν (k, ω)][ω + ξνk +Σ
(h)
1ν (−k,−ω)]− [∆¯
(ν)
h (k)]
2
= −
α
(ν)
1k ∆¯
(ν)
h (k)
2E
(ν)
1hk
(
1
ω − E
(ν)
1hk
−
1
ω + E
(ν)
1hk
)
+
α
(ν)
2k ∆¯
(ν)
h (k)
2E
(ν)
2hk
(
1
ω − E
(ν)
2hk
−
1
ω + E
(ν)
2hk
)
, (13b)
respectively, where α
(ν)
1k = {[E
(ν)
1hk]
2 −M2νk}/{[E
(ν)
1hk]
2 − [E
(ν)
2hk]
2}, α
(ν)
2k = {[E
(ν)
2hk]
2 − M2νk}/{[E
(ν)
1hk]
2 − [E
(ν)
2hk]
2},
5E
(ν)
1hk =
√
(Ωνk +Θνk)/2, and E
(ν)
2hk =
√
(Ωνk −Θνk)/2,
with the kernel functions,
Ωνk = ξ
2
νk +M
2
νk + 8[∆¯
(ν)
pg (k)]
2 + [∆¯
(ν)
h (k)]
2, (14a)
Θνk =
√
(ξ2νk −M
2
νk)β
(ν)
1k + 16[∆¯
(ν)
pg (k)]2β
(ν)
2k + [∆¯
(ν)
h (k)]
4,
(14b)
where β
(ν)
1k = ξ
2
νk − M
2
νk + 2[∆¯
(ν)
h (k)]
2, β
(ν)
2k = (ξνk −
Mνk)
2 + [∆¯
(ν)
h (k)]
2, while the coherence factors,
(U
(ν)
1hk)
2 =
1
2
{α
(ν)
1k [1 +
ξνk
E
(ν)
1hk
]− α
(ν)
3k [1 +
Mνk
E
(ν)
1hk
]}, (15a)
(V
(ν)
1hk)
2 =
1
2
{α
(ν)
1k [1−
ξνk
E
(ν)
1hk
]− α
(ν)
3k [1−
Mνk
E
(ν)
1hk
]}, (15b)
(U
(ν)
2hk)
2 = −
1
2
{α
(ν)
2k [1 +
ξνk
E
(ν)
2hk
]− α
(ν)
3k [1 +
Mνk
E
(ν)
2hk
]}, (15c)
(V
(ν)
2hk)
2 = −
1
2
{α
(ν)
2k [1−
ξνk
E
(ν)
2hk
]− α
(ν)
3k [1−
Mνk
E
(ν)
2hk
]}, (15d)
satisfy the sum rule: [U
(ν)
1hk]
2+[V
(ν)
1hk]
2+[U
(ν)
2hk]
2+[V
(ν)
2hk]
2 =
1, with α
(ν)
3k = [2∆¯
(ν)
pg (k)]2/{[E
(ν)
1hk]
2 − [E
(ν)
2hk]
2}, and
then the corresponding effective normal-state pseudogap
∆¯
(ν)
pg (k) and energy spectra Mνk can be obtained explic-
itly in terms of the self-energies Σ
(h)
1ν (k, ω) in Eq. (10a)
as,
∆¯(ν)pg (k) =
L
(ν)
2 (k)
2
√
L
(ν)
1 (k)
, (16a)
Mνk =
L
(ν)
2 (k)
L
(ν)
1 (k)
, (16b)
where L
(ν)
1 (k) and L
(ν)
2 (k) are obtained from Eq. (10a)
as,
L
(ν)
1 (k) =
1
N2
∑
pq
∑
ν1ν2ν3
∑
σ1σ2σ3
Λνν1ν2ν3p+q+k
Bν2qBν3q+p
64ω
(σ2)
ν2q ω
(σ3)
ν3q+p
×
A
(ν1)
σ1 (p+ k)F
ν1ν2ν3
σ1σ2σ3
(p,q,k)
(ω
(σ3)
ν3q+p − E
(σ1)
hν1p+k
− ω
(σ2)
ν2q )
2
, (17a)
L
(ν)
2 (k) =
1
N2
∑
pq
∑
ν1ν2ν3
∑
σ1σ2σ3
Λνν1ν2ν3p+q+k
Bν2qBν3q+p
64ω
(σ2)
ν2q ω
(σ3)
ν3q+p
×
A
(ν1)
σ1 (p+ k)F
ν1ν2ν3
σ1σ2σ3
(p,q,k)
ω
(σ3)
ν3q+p − E
(σ1)
hν1p+k
− ω
(σ2)
ν2q
. (17b)
Now we obtain the effective normal-state pseudogap pa-
rameter from Eq. (16a) as,
∆¯(ν)pg =
1
N
∑
k
∆¯(ν)pg (k), (18)
where ν = 1, 2, with ∆¯
(1)
pg and ∆¯
(2)
pg are the correspond-
ing bonding and antibonding components of the effective
normal-state pseudogap parameter, respectively.
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FIG. 2: The bonding (2∆¯
(1)
pg ) (dotted line) and antibonding
(2∆¯
(2)
pg ) (solid line) components of the effective normal-state
pseudogap parameter, and the effective charge carrier pair
gap parameter (2∆¯hL) (dashed line) as a function of dop-
ing for temperature T = 0.002J with parameters t/J = 2.5,
t′/t = 0.3, t⊥/t = 0.35 and J = 110 meV. Inset: the ex-
perimental data observed on different families of the cuprate
superconductors taken from Ref. 2.
In Fig. 2, we plot the bonding (2∆¯
(1)
pg ) (dotted line) and
antibonding (2∆¯
(2)
pg ) (solid line) components of the effec-
tive normal-state pseudogap parameter, and the effective
charge carrier pair gap parameter (2∆¯hL) (dashed line)
as a function of doping for T = 0.002J with t/J = 2.5,
t′/t = 0.3, t⊥/t = 0.35 and J = 110 meV in compari-
son with the corresponding experimental data2 observed
on different families of the cuprate superconductors (in-
set). Obviously, both ∆¯
(1)
pg and ∆¯
(2)
pg have almost the same
magnitude in a given doping concentration, which implies
the transverse part of the effective normal-state pseu-
dogap parameter ∆¯pgT ≈ 0 and ∆¯
(1)
pg ≈ ∆¯
(2)
pg ≈ ∆¯pgL,
then the two-gap feature observed on the bilayer cuprate
superconductors2 is qualitatively reproduced. Moreover,
the effective normal-state pseudogap parameter ∆¯pgL is
much larger than the effective charge carrier pair gap pa-
rameter ∆¯hL in the underdoped regime, then it smoothly
decreases with increasing the doping concentration. In
particular, both ∆¯pgL and ∆¯hL converge to the end of
the SC dome. The present result also shows that the
weak charge carrier interaction directly from the inter-
layer coherent hopping (2) in the kinetic energy by ex-
changing spin excitations does not provide the contri-
bution to the effective normal-state pseudogap in the
particle-hole channel, and then the transverse part of the
effective normal-state pseudogap parameter ∆¯pgT ≈ 0.
On the other hand, the strong charge carrier interaction
directly from the intralayer hopping in the kinetic en-
ergy by exchanging spin excitations therefore can induce
the normal-state pseudogap in the particle-hole channel,
and then the normal-state pseudogap is dominated by
the corresponding longitudinal part, i.e., ∆¯
(1)
pg ≈ ∆¯
(2)
pg ≈
∆¯pgL, which is also consistent with the experimental re-
6sults of the bilayer cuprate superconductors2, since only
one normal-state pseudogap is observed in the bilayer
cuprate superconductors by using different measurement
techniques2. In combination with the previous result of
the single layer case12, our present study suggests that
the single-layer model is sufficient for capturing the two-
gap feature in cuprate superconductors.
It is well known that the many-body correlation and
the related quasiparticle coherence in solids are closely
related to the electron self-energy. In particular, the po-
sitions of the low-energy quasiparticle peaks in the low-
energy excitation spectrum are determined by the elec-
tron self-energy. However, in the previous discussions
of the electronic structure based on the kinetic energy
driven SC mechanism for both the single layer and bi-
layer cuprate superconductors8,16,18, the treatment of the
charge carrier self-energy in the particle-hole channel is
oversimplified, i.e., in the static limit approximation, the
charge carrier self-energy in the particle-hole channel is
replaced by the charge carrier coherent weight, then some
subtle many-body effects from the normal-state pseudo-
gap is abandoned, which leads to that the peak-dip-hump
structure in the low-energy excitation spectrum is absent
from the single layer cuprate superconductors18, while
the peak-dip-hump structure in the bilayer case is mainly
induced by BS8. Recently, the electronic structure of the
single layer cuprate superconductors has been reexam-
ined based on the kinetic energy driven SC mechanism
by considering the normal-state pseudogap effect (then
the many-body correlation) beyond the previous static
limit approximation for the charge carrier self-energy in
the particle-hole channel, and the result shows19 that
even in the single layer cuprate superconductors, there is
an obvious peak-dip-hump structure due to the presence
of the normal-state pseudogap, in qualitative agreement
with the numerical result20 based on the dynamical MF
theory. In combination this result19 for the single layer
cuprate superconductors and the previous result8 for the
bilayer case, it suggests that both the normal-state pseu-
dogap and BS induce the peak-dip-hump structure in the
bilayer cuprate superconductors, however, the notable
peak-dip-hump structure in the bilayer cuprate super-
conductors may be mainly dominated by BS.
The essential physics of the two-gap feature in the bi-
layer cuprate superconductors is the same as in the single
layer case12, and can be attributed to the doping and
temperature dependence of the charge carrier interac-
tions in the particle-hole and particle-particle channels
directly from the kinetic energy by exchanging spin exci-
tations. Our present results also indicate that although
BS due to the presence of the interlayer coherent hop-
ping (2) can play an important role in the form of the
peak-dip-hump structure around the antinodal point8,16,
it may have not an impact on the overall global fea-
ture for the SC gap and normal-state pseudogap param-
eters. This follows a fact that BS is maximum around
the antinodal point, and it vanishes along the nodal di-
rection. As an result, this momentum dependence of
BS has an impact on the momentum dependence of the
peak-dip-hump structure, while it does no has an ef-
fect on the momentum independence of the SC gap and
normal-state pseudogap parameters. Furthermore, in the
present bilayer case, we have also calculated the dop-
ing dependence of the coupling strength Veff , and the
result shows that as in the single layer case12, the cou-
pling strength Veff smoothly decreases upon increasing
the doping concentration from a strong-coupling case in
the underdoped regime to a weak-coupling side in the
overdoped regime. Since the charge carrier interactions
in both the particle-hole and particle-particle channels
are mediated by the same spin excitations as shown in
Eq. (8), therefore all these charge carrier interactions
are controlled by the same magnetic interaction J . In
this sense, both the normal-state pseudogap and SC gap
in the phase diagram of the bilayer cuprate supercon-
ductors are dominated by one energy scale. This is why
both ∆¯pgT ≈ 0 (then ∆¯
(1)
pg ≈ ∆¯
(2)
pg ≈ ∆¯pgL) and ∆¯hT ≈ 0
(then ∆¯
(1)
h ≈ ∆¯
(2)
h ≈ ∆¯hL) simultaneously in the bilayer
cuprate superconductors, and then the two-gap behav-
ior is a universal feature for the single layer and bilayer
cuprate superconductors.
In conclusion, we have discussed the interplay between
the SC gap and normal-state pseudogap in the bilayer
cuprate superconductors based on the framework of the
kinetic energy driven SC mechanism. Our results show
that the single-layer model is sufficient for capturing the
two-gap feature in cuprate superconductors. The weak
charge carrier interaction directly from the interlayer co-
herent hopping (2) in the kinetic energy by exchanging
spin excitations does not provide the contribution to the
normal-state pseudogap in the particle-hole channel and
charge carrier pair gap in the particle-particle channel,
which leads to that the transverse parts of the effective
normal-state pseudogap parameter ∆¯pgT ≈ 0 and effec-
tive charge carrier pair gap parameter ∆¯hT ≈ 0 simulta-
neously, while only the strong charge carrier interaction
directly from the intralayer hopping in the kinetic en-
ergy by exchanging spin excitations therefore induces the
normal-state pseudogap in the particle-hole channel and
charge carrier pair gap in the particle-particle channel,
and then the normal-state pseudogap and charge carrier
pair gap are dominated by the corresponding longitudinal
parts, i.e., ∆¯
(1)
pg ≈ ∆¯
(2)
pg ≈ ∆¯pgL and ∆¯
(1)
h ≈ ∆¯
(2)
h ≈ ∆¯hL.
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